[ 9/20/99

Three Examples of the L évy-Nadai Solution Technique

~ 1 will work through the single series solution for x = 0, x=asimply supported, andy =0,y =b (1)
simply supported, (2) clamped, and (3) free. In each case | take a series solution in x and find the
associated y eigenfunctions for each case.

" Select M = 3 asanow tried and true choice
" STUDENT > M =3:

" They will al have the same x dependence, f[m] = sin(mrix/a). I'll have different functions for the
variousy variations. Let'slet YO denote the particular solution to the problem, and Y 1 be the
simply-supported correction, Y 2 the clamped correction and Y 3 the free boundary correction. The
corresponding displacement functions will be w0, wl, w2 and w3, respectively.

" STUDENT > f:=array(l..M:

YO:=array(l..M:Yl.=array(l.. M:Y2:=array(1l..M:Y3: =array(
1..M:

WwO: =0: wl: =0: w2: =0: wW3: =0:

mfroml to Mdo

~ STUDENT >

L od:
[ STUDENT > for mfrom1l to Mdo f[ni:=sin(nPi*x/a) od:

Q[m] denotes the coefficients of the particular solution, to be inserted later. A, B, C and D denote the
cofficients of the various termsin the y eigenfunctions

- STUDENT > Q=array(l..M:

Al:=array(1.. M:A2:=array(1l.. M:A3:=array(1l. . M:
Bl:=array(1l..M:B2:=array(1l.. M:B3:=array(1l. . M:
Cl:=array(l.. M:C2:=array(1.. M:C3:=array(1l.. M:
Dl:=array(1..M:D2:=array(1l.. M:D3:=array(1l. . M:

L
1 will limit this analysis to the case where the surface loading is at most a function of x, so that the
particular solution will be constant in'y, given by Q[m], which can be found later. | can define Y1
through Y 3 using the homogeneous solutions for the correction terms.

 STUDENT > for mfrom1 to M do

yornj:=Qn: _ _ _

Y1[ m : =Al[ n] *si nh(n*Pi *y/a) +B1[ n] *nt¥ Pi *y/ a*cosh(nrPi *y/ a)
+C1[ n] *cosh(n¥Pi *y/a)+D1[ n] *n¥Pi *y/ a*si nh(n¥Pi *y/ a) :

Y2[ M : =A2[ n] *si nh(nF*Pi *y/a) +B2[ n] *nt¥ Pi *y/ a*cosh(nrPi *y/ a)
+C2[ n] *cosh(n¥Pi *y/a)+D2[ n] *n¥Pi *y/ a*si nh(n¥Pi *y/ a) :

Y3[ M : =A3[ n] *si nh(nPi *y/a) +B3[ n] *nt¥ Pi *y/ a*cosh(nrPi *y/ a)
+C3[ n] *cosh(n¥Pi *y/a)+D3[ n] *n¥Pi *y/ a*si nh(n¥Pi *y/ a):

od:

- Start with the simply-supported case
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[ Boundary conditions

- w0 + w1 must vanish on y =0, b and so must its second derivative. (Of course, w0 isindependent of
y.) We denote the boundary conditionsony = 0 by bcl and bc2, and those ony = b as bc3 and bc4.
This notation continues throughout.

" STUDENT > wiyy: =di ff(di ff(wi,vy),y):

y: =0: bcl: =wO+wl; bc2: =wlyy;
y b bc3 =wO0+wl: bc4: =wlyy:

bcl =Q; sn%—%+ stn% %ﬂbsn% %+Cll sn%—% +C1, sm% %
+Cl; sin%—%

bc2 := ECl;ZTrZ +2 Diz Es n@nax §+ Eﬁl Clp 10 D122n2 Es n% %%
+§ Cla32n2 +18 D13 Esin% axé

The boundary conditions at y = 0 eliminate these coefficients

" STUDENT > for mfrom1 to M do Ciim:=-Qm:D1[n]:=-Cl[m/2: od:
factor(bcl);factor(bc2);
0

0

Use bc3 to eliminate B1[m]

 STUDENT > B1[ 1] : =sol ve(op(1, bc3)+op(4, bc3),B1[1]);

B1[ 2] : =sol ve(op(2, bc3) +op(5, bc3), B1[2]);
B1[ 3] : =sol ve(op(3, bc3) +op(6, bc3), B1[ 3]);
sinmplify(bc3, synbolic);

b b b
L 2Qua+2AL sinh%%%a —20Q, cosh%%%a +Q, nbsinh%%%

Bll ==
2 nbcosh%ﬂé
a
b b b
1 -Q,a-AlL sinh%%%a +Q, cosh%%%a -Q, nbsinh%%%
Bl2:=3 b
nbcosh%—%
a
b b b
1 -2Qz;a-2Al1; sinh%%%%a +2 Q5 cosh%%%a -3Q3 nbsinh%%é
Bl3 ::6 b
nbcosh%—%
a
0

And finally eliminate A1[m] using bc4. Here |l had to do some silly-seeming stuff because Maple
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wouldn't do what | want.
[ STUDENT > bc4:

[ STUDENT > col | ect (si npl | ( p(l bc4) synbolic), Al[1]);
[ STUDENT > Al[1]:=-o0p(2,")/op *Al[ 1];

-2 smh%—%a Q,—T1b cosh%n—%(gl +2 smh%—%a Q cosh%—% +11Q. b
2a-2a cosh%%%

- STUDENT > sinplify(op(1,bc4),synbolic);
0

Al =-

- STUDENT > coIIect(S|rrpI|f (o
F STUDENT > Al[2]:=-0p(2,")/0

| b b b b
—sinh%n—éa Q,—-T1tb cosh%n—écgz +sinh%n—§a Q> cosh%]-t—é +tQs b
a a a a
a-— acosh%n—bg
a

(3 bc4) synmbolic), Al[3]);
1, )*A1[3] sinpli fy(op(3 bc4), synbol i c)

p(2 bcd), synbolic), Al[2]);
p(1l )*Al[ 2] ;sinpli fy(op(2 bc4), synbol i c)

Al, =-

L STUDENT > col | ect (si npl |

- fy(op
STUDENT > A1[3]:=-o0p(2,")/op(

Alj =
b b b b
2 sinh%ﬂ—éacg3 +3nbcosh%n—§(33 -2 sinh%n—éa(gg cosh%%l-t—é—?; Qs b
_ a a a a
—2a+2acosh%n—b§
a
0

" STUDENT > sinplify(bc4, symbolic):
0

C STUDENT > wi;
[ STUDENT > factor(op(1,"))+factor(op(2,"))+factor(op(3,"));

Print out simpler versions of A1[m] and B1[m] and then write out the solution w1.
" STUDENT > for mfrom1 to Mdo
Al[n:=sinplify(Al[m, synbolic);
B1l[ n]: =sinplify(Bl[n], synbolic);
d.

eval (col lect(wl, [Q1],Q2],Q3]]));
%nb +2 sinh%l—b%a%(gl
o i 1

STUDENT >

1
Al =35
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1 ngnh%]%b%
2 cosh%na—b§+l
%nb +sinh%%b§a§(32

T R
1Q29”h%n?b%
Bl:=-3 b
cosh%—§+l
Bono-2emp TR
Al ==
T BB
a1, 1Q39”h§3n?b%

2
cosh%% n—b§+ 1
a

Now | can work out the second, clamped, set of functions.

" We have the following boundary conditions, again supposing w0 to be independent of y.
- STUDENT > B2: =array(l. . M:C2:=array(1.. M:w2y: =di ff (w2, y):

y: =0: bc1: -m0+m2 bc2: =w2y;
y b bc3 =WO0+W2: bc4: =w2y:

bcl = Q, sn%—%+ Q, sn% %+Q3 sm%% %+021 sn%—% +C2, sm% %
+C2; sin%?é

bc2 := HAZlT[ + BZﬂTésinEnax %+ AZZT[ +2 Bzgn%sin%%%

%3:5231'[ B%n%smég x%

" STUDENT > for mfrom1 to Mdo

C[m:=-qm:

B2[n]:=-A2[m: od:

sinmplify(bcl, synbolic);sinmplify(bc2,synbolic);

0
0
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[ STUDENT > bc3;
 STUDENT > D2[ 1] : =sol ve(op(1, bc3)+op(4, bc3), D2[1]);
D2[ 2] : =sol ve(op(2, bc3) +op(5, bc3), D2[ 2]);
D2[ 3] : =sol ve(op(3, bc3) +op(6, bc3), D2[ 3])
sinmplify(convert(bc3,trig), synbolic);
D21 =

_ 2Q1ae%?%+A21a%e%%b%§ -A2;a —A2; b %ﬁ?éé -A2,; Tth —Qla%ﬁ%b%% Q. a
b e O -1
D2, := —%%Qzae%a%+mza%e%a%% -A2,a -2A2, b %ﬁaéé -2 A2, b
ot E-guadl /i Lo
D2, :=%%~2 ane%?%—ﬂ3a%e%?%§ +A2;a +3A2; b %ﬁs?%@ +3A2; 1th

0. /BB

- STUDENT > si nplify(convert(bc3,trig), synbolic);
0

[ STUDENT > bc4:
 STUDENT > A2:=array(1..M:
1] : =sol ve(convert(3| mplify(op(1, bc4),synbolic),trig), A2

A2
1

,[6\2][ )2] =sol ve(convert (sinplify(op(2,bcd),synbolic),trig), A2
2

{6\21[ 53] =sol ve(convert (sinplify(op(3,bcd),synbolic),trig), A2
3

b b b b b
A21:=—Q1a%~nbcosh " %—nbsinh " %—sinh ik %a +sinh " %ﬂbcosh%—n %
% a % a % a % a a
+2snh nb%acosh nb%—ncosh nb%bsinh%—nb%ﬂncosh nb%bsinh nb%
% a % a % a a % a % a
—sinh%ﬂéacosh%n—bé—sinhéﬂéasinh%n—béﬂncosh%ﬂgb
a a a a a
—ncosh%—nbébcosh%—nb%+sinh%—nbéﬂbsnh%—nbéﬂsinh%—nb%a%/é
a a a a a
b b b b b b
2 cosh%—n %bzsinh%z—’T %—rﬁcosh%—n %bz cosh%—n %mnhéléazsinh%z—n %
a a a a a a
b b b b b b
+sinh%n—§a2cosh%n—é+nz bzsinhélésmh%zn—éwﬁ bzgnhélécom%n—é
a a a a a a
+T[cosh%@§basinh%n—béﬂ'[coshéﬂébacosh%n—bé—sinhéﬂéaz
a a a a a
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b b b b b
—sinh%LT %anbsjnhéz—n %—sinh%—n %anbcoshéz—n %—T{Zcosh%—n %bz
a a a a a
—ncosh%ﬂéba —sinh%ﬂéanb -7 bzsinh%E%
a a a
b b b
A22:=Q2a§~25inh%—n %a—Zsinh%—n éﬂbcoshéd—n é
—Zth% %T[b nh%l §+2nbcosh% b%+2nbsnh% é i %nb%
. %b coshéd §+2 ncosh% éb nh%lnbé
T[—b%bsinh%—b§+sinh%—b§acoshéd—béwinh%n—b%asinh%ln—b%
a a a a a a
—T[b%b—25inh%—nb§acosh%—nb%/ %th%—nb%az
a a a a
—25inh%—nb§anbcosh§4—nbé—Zsinh%—nbéanbsinhéﬁl—nbé
a a a a
+2ncosh%—nb§bacosh§4—nb§+sinh%—nb§azsinh§4—nbé
a a a a
e b 2R o T2 o T2 o sl T2
a a a a
b b b b
—4n2cosh%zn—%b2com§4"—%+4rﬁbzsinh%zn—%sinh%an—%
a a a a
b b b b
+4T[2b28inh%—n %cosh%l—n %—21‘[003!1%—“ %ba—mfcosh%—n %bz
a a a a
b b b b
—25inh%—n %anb—4n2bzsinh%—n %+2ncosh%—n %basinh%l—n %
a a a a
b b b b
A23:=—Q3a%~sinh%n—%a+25inh%n—§a +3sinh%n—%nbcosh%n—%
a a a a
+3sinh%—nb%nbsinh%;—nb%—3ncosh%—nb%bcosh%;—nb%
a a a a
—3ncosh%—nbébsinh%;—nb§+25inh%—nb§acosh§3—nb§+6ncosh§3—nb§b
a a a a a
—sinh%ﬂ—b%acom%,n—bé—gnh%n—béagnh%,”—b%wncom%n—bébgnhésn—bé
a a a a a a
b b b
—3nbsinh%n—é—3nbcosh%n—%/ %th%n—éaz
a a a
b b b b b b
—3sinh%n—éanbsinh%;n—é+sinh%n—§azcoslw%;n—éwinh%%n—éazsinh%n—%
a a a a a a
b b b b
—3sinh%n—§anbcosh%;n—é+9n2bzsinh%n—écosh%n—é
a a a a

+ 2 Tt cosh

=
e
E

— 4 1tcosh
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b b b b
F9TE sinh%n—ésinh%n—§+3 ncoshésn—éb asinh%n—é
a a a a
b b b b
—Qﬁcom%n—ébz cosh%rt—é—gnzcosh%n—ébzsinh n—%
a a a a
b b b
+3ncosh%%§bacosh%)%é—9 ™ b? sinh%%%—?; ncosh%
—3sinh§3%b§anb -9717 cosh%%bébzé

L And | haven't been able to make this very much simpler using Maple

T[_béba
a

Plug in for uniform loading

"STUDENT > q:='q :a:='a :b:="b":
for mfroml to Mdo ni: —-4*q/EI*a"4/Pi"5/m‘5 od;

_ qa
Q- Elrr‘3

_ 1gqa
Q=" 8 EI 10

4 ga
BB

Plot the two solutions to compare them

- STUDENT > g: =1: El: =1: a: =1: b: =1:
pl ot 3d(w0+w2, x=0. . a, y=0. . b, axes=BOXED, shadi ng=Z,titl e="C a
nped Second Sides’);
X: -a/2 y: =b/ 2: WAX: =eval f (WO+w2) ;
Xi="Xryl =Tyt
pIot3d(mD+mﬂ x=0. . a, y=0. . b, axes=BOXED, shadi ng=Z,titl e= Sim
pl y- Support ed Second” Si des’ );
.-a/2 y: b/2 WIVAX: evalf(mD+mﬂ)
X:='x'y:='y'
q::'q':EI::'EI':a::'a':b::'b

Page 7 Maple V Release 4 - Student Edition



Clamped Second Sides

<>
<oy
oo NN
\}\l&ig’f‘?’ /4
NS/

WMAX := -,00191359737
Simply-Supported Second Sides

-0.001+
-0.002+

-0.003+

-0.004+

WMAX := -.004058799394

C
[

 Now thethird case -- free boundaries

r Again we set up the boundary conditions. We have x derivatives here, and we need to look at w0
when calculating all four boundary conditions

r STUDENT > wOxx: =di ff(diff(wl, x), x):

Waxx: =di ff(diff(w3,x),x):wW3yy: =diff(diff(w3,y),y):
nmonent : =nu* (W3xX+wOxXx) +wW3yy:

freedom =di f f (W3XX+WOXXx+wW3yy, y) :
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y: =0: bcl: =nonent ; bc2: =f r eedom
y: =b: bc3: =nonent : bc4: =f r eedom

- STUDENT > Zbllgcf(bcl [D3[ 1], D3[ 2], D3[ 3], C3[ 1], C3[ 2], C3[ 3]]1) ;

nzsngf@ml nzg-n@z oo e o

?Tﬁgngwg s %gécéﬁégfégé
?ﬁgr@g ] nzngg @é

Véqag@,glqagn@z o e @é

El 2 El e 7 El

" STUDENT > for mfrom1 to M do
D3[n] =-1/2*(1-nu) *C3[ n] - 2*nu*g*a”4/ El / M5/ Pi *5

factor(bcl)
0
- STUDENT > bc2;
- STUDENT > col | ect (bc2, [ A3[ 1], A3[ 2], A3[ 3], B3[ 1], B3[2],B3[3]]):

TUX X X
2 —2 116 _ +54 <

" STUDENT > for mfrom1 to M do B3[m :=0 od:
factor(bc2);

0
[ STUDENT > bc3: =collect(bc3,[C3[1], C3[2],C3[3],A3[1],A3[2],A3[3]]);
[ STUDENT > factor(bc3);
[ STUDENT > col lect(",[A3[1],A3[2],A3[3],C3[1],C3[2],C3[3]]);
L STUDENT > nops(");
[ STUDENT > expand(op(7,""));
[ STUDENT > convert (", exp):expand("):convert(",trig);
[STUDENT > subs(sin(Pi *x/a)=s1, sin(2*Pi *x/ a)=s2, si n(3*Pi *x/ a) =s3, bc3)
[ STUDENT > collect(",[sl,s2,s3]);
[ STUDENT > tbc3:=";
[ STUDENT > C3[ 1] :=solve(coeff(tbc3,sl),C3[1]):
T STUDENT > C3[ 1] :=col lect(convert(C3[1],trig),A3[1]):factor(op(1,"))+

factor(op(2,"));

- STUDENT > coIIect(convert(solve(coeff(tbc3 52) C3[2]) trig),A3[2]):C
3[2]: -factor(op(l )+factor(op(2

C3, =12 %m sh%z %+ b h%z % + sh%nb%
o .= T[b( 1+V) 8vqa CO:! Tth sin a +a Co

Page 9 Maple V Release 4 - Student Edition




b b b
+sinh%n—§a—vnbcom%n—é—vnbsinh%n—é—vnb +nb§/ %—1+v)2
a a a
%1+cosh%—nb%+sinh%—nb%n6b5%
a a

- STUDENT > col | ect(convert(sol ve(coeff(tbc3, 33) C3[ 3]),trig),A3[3]):C
3[3]: -factor(op(l ))+factor(op(2

c3,:= -2 P32 ésb sh%% %w b h%% %+2 sh%s %
5= §nb(—1+v) 729vqa 1tb co mtbsin aco
b
+Zsinh%3%%a—3vnbcosh%?%—?;vnbsinh%?%—?;vT[b 2a Bnb%/%
b b
(—1+v)2§om§3%§+gnh§3%é+1§rﬁbaé

T STUDENT > sinplify(bc3, synbolic);
T STUDENT > convert (", exp):expand(");

0

" STUDENT > tbc4: =subs(sin(Pi*x/a)=sl, sin(2*Pi *x/a)=s2,sin(3*Pi *x/ a)=s
L 3, bc4);
[ STUDENT > collect(",[sl,s2,s3]);
[ STUDENT > tbc4: =":
" STUDENT > convert(factor(op(l, )) trig)

+convert (factor (op(2 )) trig)

+convert (factor(op(3,")),trig);

L STUDENT > thc4: =":

 STUDENT > A3:=array(1..M:

L coeff(tbc4, sl);

[ STUDENT > col |l ect (op(1, tbc4) A3[ 1])
 STUDENT > -factor(op(2,' )lop(l *A3[1])

st Dol B, 0B F
T El (-1 +V) osh%?§+ sinhé?§+lé

[ STUDENT > A3[1]:=":
[ STUDENT > col |l ect (op(2, tbc4) A3[ 2])
 STUDENT > -factor(op(2,' )lop(l *A3[2])
1 v ga’ %nh% % 1+ osh% %
8 T El (-1 +V) §1+cosh%?§+sinh%%b%
r STUDENT > A3[2]:=":
[ STUDENT > col | ect (op( 3, t bc4), A3[ 3] );
r STUDENT > -factor(op(2,")/op(1,"

Gl
i

*A3[3]);
4 v ga’ §1+co % é smh%%
43 T El (-1 +V) % §+sinh§3

- STUDENT > A3[ 3]:=":factor(bc4);
L STUDENT > sinplify(",synbolic);
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 STUDENT > convert (", exp):expand(");
i 0
" STUDENT > w3;

~ Now we can plot all three pictures

T STUDENT > q: =1: El:=1:a: =1: b: =1:
nu: =1/ 3: pl ot 3d(wW0+w2, x=0. . a, y=0. . b, axes=BOXED, shadi ng=2Z, ti
tl e=" Cl anped Second Sides);
x:=al 2:y: =b/ 2: WAX: =eval f (WO+W2) ;
X:="x"ry:=y':
pl ot 3d(w0+wl, x=0. . a, y=0. . b, axes=BOXED, shadi ng=Z,titl e="Si m
pl y- Supported Second Sides’);
x:=al 2:y: =b/ 2: WAX: =eval f (WO+W1) ;
X:="x"ry:=y':
ot 3d(w0+w3, x=0. . a, y=0. . b, axes=BOXED, shadi ng=Z,titl e=" Fre

p

e Second Sides);

x:=al 2:y: =b: WAX: =eval f (WO+W3) ;
X:="x"ry:=y':

g:="q' :El:="El':a:=a :b:="Db":nu: =" nu

Clamped Second Sides

WMAX :=-.00191359737
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Simply-Supported Second Sides

-0.001+

-0.002+

-0.003+

-0.004+

WMAX := -.004058799394
Free Second Sides

-0.002% '\
-0.004+
-0.006%
-0.008%

-0.01+
-0.012%
-0.014%
-0.016%
-0.018%

N
N /
NN\
N\t
ON\\NLAZL I
\\ -

SN\

WMAX := -.01952589665

Note that the maximum displacement for the free ends takes place at the outside edge, not the center.
This maximum is less than the maximum for the simply-supported system, but greater than the simply
L supported-clamped combination. The total deformation is bigger, though.
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